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Abstract
A g-difference analogue of the fourth Painlevé equation is proposed. Its
symmetry structure and some particular solutions are investigated.

PACS numbers: 02.30.Hq, 02.30.Gp, 02.30.Ks

1. Introduction

The importance of six Painlevé equations and their solutions in mathematics and mathematical
physics is widely accepted. The discrete analogue of Painlevé equations was first recognized
in [6-8], where they appear as Schlesinger transformations of the Painlevé equations. After the
discovery of the discrete analogue of the Painlevé property which is now called the singularity
confinement property [4], many second-order difference equations, including g-difference
equations, have been identified as the discrete Painlevé equations [5, 16]. By investigating
the Lax pairs, particular solutions including t functions and bilinear equations, and so on [3],
it has been gradually recognized that discrete Painlevé equations admit similar properties to
original Painlevé equations.

The purpose of this paper is to introduce a g-difference analogue of the fourth Painlevé
equation Pry. This equation, called the g-Painlevé IV equation gPry below, shares many
characteristic properties with the original Pry. In particular, it admits the action of the affine
Weyl group of type A(21) as a group of Bécklund transformations. Furthermore, it has an
analogue of classical solutions expressible by the continuous g-Hermite—Weber functions and
rational solutions corresponding to those of Pry studied in [10, 13, 15].

The plan of this paper is as follows. We introduce our ¢gPyy in section 2 and describe its
symmetry structure in terms of the affine Weyl group W(A(zl)). In section 3, we construct a
g-analogue of classical solutions along each reflection hyperplane from a seed solution which
is described by a discrete Riccati equation. Each particular solution of this class is expressed in
terms of a Toeplitz type determinant of continuous g-Hermite—Weber functions. In section 4,
we discuss some related topics including the relationship between our gPry and Sakai’s Mul.6
system [17] and the ultra-discrete limit of ¢Pyy.
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2. Symmetric form of a g-Painlevé equation gPry

2.1. q-Painlevé equation q Py

In this paper, we consider the following discrete system including three dependent variables
fo, f1 and f, and three parameters ag, a; and a;:

ag = agp a; =ap a; = ap
— L +asfr+axao f fo
fo=aoai fi

1+(l0f0 +a0a1f0f1
1 +ag fo + aoay fo fi (D
I+afi+aiafifz
L+a fi+taiafifa
1 +az fo+azxao f2 fo

where ~ stands for the discrete time evolution. We shall also use the notation 7(x) = X when
we regard x — X as a transformation of variables. The inverse transformation of ¢ is given by

fi=aarfs

fo=aaofo

@Zdo ﬂzal @:ag

7 fo apar +ap fi + fofi
0 =

= apay amap+az fo+ fofo

f fo aam+ar o+ fifs (2)
1 =

a1ax apay +ao fi + fo fi
fi ;mag+axfo+ frfo
axap ayax +ag o+ fi f>

We introduce a constant g by setting apa;a, = g. Noting that the product fy f| f> can be
regarded as the independent variable, we introduce a variable ¢ such that fy | f» = gc? and
¢ =gqc. If weregard f; (j =0, 1, 2) as functions in ¢, equation (1) thus represents a system
of g-difference equations for the unknown functions f; = f;(c) (j =0, 1, 2) with parameters
aj (j =0, 1,2)such that apa;a, = g. As we shall see in section 1.3 below, this g-difference
system has a continuous limit to the symmetric form of the fourth Painlevé equation Pry. For
this reason, we refer to equation (1) as the symmetric form of the fourth g-Painlevé equation
qP]v.

2.2. Bdcklund transformations

The discrete system equation (1) admits the action of the (extended) affine Weyl group
W = (so, 81, 52, ) of type Aél) as a group of Béacklund transformations. In what follows we
denote by W the group generated by the generators sy, 51, 52, 7 and the fundamental relations

st=1 (sisin)’ =1 w=1  7si=siamw (i=0,1,2) 3)

where the indices are understood as elements of Z/3Z.
We define the action of sy, s1, s, and 7 on the parameters ag, a; and a, by the following
formulae:

solap) = aq sola1) = ajag solax) = aag
—1
si(ag) = apa sia)) = aq si(a) = aoa “@)
1
s2(a0) = aoaz (@) = aa (@) = a,

w(ap) = @ w(a)) = a w(a) = ap.
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Note that this definition is a multiplicative version of the standard realization of W on the
simple roots oj defined through a; = g% (j =0, 1, 2). We now define the action of sy, 51, 52
and 7 on the f-variables as follows:

- _p Jotfo _ g Lras

so(fo) = fo so(f1) = fi T+ a0fo so(f2) = f> wt fo
. 1 +a1f1 _ _ a + fl

s1(fo) = fo ot h s1(f1) = f si(h) =1 Txaf; )
L mtf _ L l+afy _

52(fo) = fo T+amf (/1) = fi ot h () = f2

7(fo) = fi T(f1) = f2 7(f2) = fo.

We remark that the action of s; on the a-variables and the f-variables is given by

si(ay) = aja; " si(fi) = fi ( e )

1+aifi

respectively, where A = (aij)iz =0 is the generalized Cartan matrix of type Agl) and

(i,j=0,1,2)  (6)

U= (y j)iz j—o 1s an orientation matrix of the corresponding Dynkin diagram:

2 -1 -1 0 1 -1
A=|:—1 2 —1} U=|:—1 0 1] 7
1 -1 2 1 -1 0

The following theorem can be verified by direct computation.

Theorem 2.1. The transformations so, s1, s2 and 7 of the a-variables and the f-variables,
defined by (4) and (5), generate the extended affine Weyl group W = (sg, s1, s2, T) of type
A;l). Furthermore, they commute with the time evolution t of the fourth q-Painlevé equation
qPy.
By using the action of the extended affine Weyl group W, we can define the Schlesinger

transformations Ty, T, and T; for gPry as

Tl =T858 T2 = §1TTS T3 = §s|TT. (8)
Note that 7;T; = T;T; (i, j = 1,2,3) and T 1,75 = 1. The action of 7; on the variables a;
and f; is given explicitly as follows:

T (ao) = qao Ti(a) = q 'a Ti(a2) = aa

(ao + fo)(ao + fo + aoaz f> + alas fo f>)

T; =
l(fO) fl (1+a0f0)(a§a2+a0a2f0+f2+a0f0f2)
_, L+aofo ®
Ii(f) = fa ao + fo

ajar +apar fo + fr +ao fo >
ap + f() + aoazfz + a%azfofz
The corresponding formulae for 7, and 73 are obtained by the rotation of indices, since
T, = nTiw~ ! and Ty = n o ~!. Each of these Schlesinger transformations commutes with
the time evolution of gPry and can be regarded as a version of the third g-Painlevé equation.
For example, equation (9) is rewritten equivalently as
l+aofo qgc* 1+ayfy
ao+ fo  fofi a0+ fo
a+fi gt ai+fi

1+(11f1 o fOfl 1+a1f1'

Ti(f2) = fo

T\(f))= />
(10)

7' (fo) = f»
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This is an analogue of the fact that some discrete Painlevé equations arise from Backlund
transformations of the Painlevé equations [3,6-8, 12].

2.3. Limit transition to Py

By introducing a small parameter ¢ such that g = e /2, we set

a=eFUl = e (j=0,1,2). (11)
Then we have

fi = fi = €(0i(@is1 — ¢i2) + i) + O(E?) (12)

fori = 0, 1, 2. Passing to the variables «; and ¢;, we define the derivation ' by
)H:!ig})é()_c—x) (13)
for a function x in @; and ¢;. Then we have f; — f; = &2/ + O(e*). Hence we obtain
o, =0 =0 =0
90 = wolp1 — @2) +
91 = ¢1(92 — @) + o
9 = ¢2(p3 — @1) + 002

This differential system is the symmetric form the fourth Painlevé equation Py [1, 14, 19]. In
fact, under the normalization ¢ + ¢ + @2 = ¢, €g + o] + o, = 1, the system (14) is equivalent
to the second-order differential equation

(14)

Y = AP 2y -2y ﬁ+011—052 y—a—% (15)
2y 2 2 2y
for y = ¢y, where ' = d/dt. Through the limiting procedure, the Bécklund transformations
50, S1, 2 and 7 for our gPyy also pass to those for the symmetric form of Py (14) such that
(2%}
s;(;) =a; —oa;; Si(Q;i) =@; +—u;;
(@) = 0t = eudi D=0ty G =012 a6
(o) = ajy T(Qj) = @jr1

asin [13,14].

3. Particular solutions for qPyy

In this section, we investigate the g-analogue of classical solutions of Pry and determinant
formulae for them. Recall that Pry has two classes of classical solutions [10, 14, 15], those
of hypergeometric type, expressed in terms of Hermite—Weber functions, and the rational
solutions.

3.1. Continuous q-Hermite—Weber functions as seed solutions

In order to show the parameter dependence explicitly, we rewrite gPry (1) by operating 7" T,"
on (1) (v, N € Z). We denote T} TZN (fi) = fi(c; v, N), and we abbreviate the unnecessary
arguments depending on the context. Notice that

7T, (ap) = aoq” VT (@) = aig™"*"

v _ ’ (17)
T'T)Y (a2) = arg™ )Ty (c) = c
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and
t(a;) = aq; (i=0,1,2) t(c) =qc (18)
where
172
q = apaay c= (fOJ;] fz) . (19)

The g-Painlevé IV equation ¢Ppy with respect to the variable c is expressed as

_ N L+axg™ fo(c) + azang" ™ fo(c) fo(c)
folae) = aomd” O @) + avang™ fole) fu(©) 20

1+ aoq” fo(c) +aparq” fo(c) fi(c)
L+aig=*N fi(c) + a1arg™ fi(c) f2(c)
B N L+aig™"™N fi(c) + a1a2g7" fi(c) f2(c)
f(qe) = azaog”™" fo(c) T+ 00" Fo(0) + datog™ ¥ () fol©)

where the arguments v and N for f; are suppressed so that fi(c) = fi(c; v, N). In what
follows, we use similar abbreviations

fi(g*e) = fi(gFe; v, N) fiv+k) = fi(c;v+k, N)

filge) = aiarg™" fo(c)

2

(22)

(23)
Ji(N +k) = fi(c;v, N +k)
fork € Z.
First let us consider the case N = 0. It is possible to specialize the variables as
fa=-1 a, =1 (24)

consistently. In fact, equation (22) becomes trivial by this specialization, and equations (20)
and (21) are reduced to a discrete Riccati type equation

g (1—¢*c? fi(c) —aoq’c?

filge) = — (25)
: aoq” fi(o)

and fy(c) = —ZL(;. By putting f;(c) = gv((‘c)) in equation (25), we can solve equation (25) as

q Gylge)
file) = —————— (26)

aog” G,(c)

with G, (c) satisfying the linear g-difference equation

Gu(g*c) = (1 = ¢ G (qe) + agg™c* G (). (27)

Let us derive contiguity relations to be satisfied by G, (c) in the direction of v. For this
purpose, we consider the Schlesinger transformation 77 (9),
avg” + fo(v) aog” + fov) + avarg" ™ () + agarg®™ N fo) o)

1) =
fow+1) = fi) 1 +aopq® fo(v) aéaquV*N + apazg" =N fo(v) + (V) + apg® fo(v) f(v)

(28)
1 +aoq” fo(v)
Hiv+1) = fz(V)m (29)
agarg™ N +aparg" " fo(v) + fo(v) +aog” o) f(v)
aog” + fo) +aoarg” =N fr(v) + agarg® N fo(v) ()’
Applying the specialization (24) and putting N = 0, equations (28)—(30) are reduced to a
discrete Riccati type equation,
fi(v) —apg"*'c?

aoq” f1(v) — qc*’

Lv+1) = fo(v) (30)

fiv+]1) = (3D
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Substituting equation (26) into (31), we obtain contiguity relations for G, (c),

Gu1(ge) = Gu(ge) +a3q™ ¢ G, (c) (32)

Gui(c) = Gy(ge) + G (o). (33)
In particular, we obtain a three-term relation in the direction of v,

Guia(e) = ( +1)Grui(e) = (1 = a3g™) G, (©). (34)

We note that equations (27) and (34) are derived from equations (32) and (33).
From the above discussion, we have:

Proposition 3.1. ¢P;y (20)—(22) admits a one-parameter family of particular solutions given

by

Gy(c) G, (qc)
=LY o (35)

G,(gc) apq” G,(c)

for N =0, where G, (c) is a function satisfying the contiguity relations (32) and (33).

fo = c*apq”

It is interesting to note that equation (27) admits polynomial solutions in ¢ if ag = ¢,
Go(c) =1
Gi(c) =c*+1
Gro)=c*+(1+gH*+1

G30) =+ +¢>+gHct + U +q* +gHet +1

It is not difficult to check that

- @4 ot STV
G,(c) = c” = -’ v=0,1,2,..) (36)
,Z:; (@ 4% q*)v— 1;; [k]qz

satisfy equations (32) and (33), where [Z]q is the g-binomial coefficient. The generating
function for these polynomials is given by

1 e G,(c) A\
= — ] . 37
() c 47) Z%fmm(ﬂ 37)

v=0

The polynomials H,(x) = ¢ 'G,(c), x = ”;71, are called the continuous q-Hermite

polynomials [2, 11]. In this sense, ¢c™"G(c) for ay # ql (I € Z) may be regarded as a
g-difference analogue of the Hermite—Weber functions, to which hereafter we shall refer as
‘continuous g-Hermite—Weber functions’.

We note that it is possible to obtain ‘higher-order’ solutions for N € Z by successive
applications of T5 on the solutions obtained above®. These solutions are expressed rationally
in the continuous g-Hermite—Weber functions.

From the rotational symmetry 7w of gPyy, it is possible to apply other specializations,
(ag, fo) =1, —1),v=0,o0r (aj, fi) =({1,—1),v—N =0, on gPry (20)-(22) and perform
the same procedure as discussed above. Therefore, we obtain:

Theorem 3.2. When a; = g* for somei =0, 1,2 and k € Z, the fourth q-Painlevé equation
q Py (1) admits a one-parameter family of particular solutions which are expressed rationally
by the continuous q-Hermite—Weber functions.

Explicit description of these solutions will be given in the next section.

Note that the hypersurfaces a; = ¢* (i = 0, 1, 2; k € Z)in the Parameter space correspond
to the reflection hyperplanes of the affine Weyl group W = W(A; )). This is an analogue of a
well known result by Okamoto for the classical solutions of the continuous Pry [15].

3 The situation is a little delicate for N < 0, but we shall discuss this in section 2.2.3.
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3.2. Toeplitz determinants

3.2.1. Determinant formula and bilinear equations. In this section, we prove the following
determinant formula for the particular solutions obtained in the previous section.

Theorem 3.3. Let G,(c) be a solution of equations (32) and (33). For each N € Zx, we
define an N x N Toeplitz determinant

ou() = det (Goinj(©), _, (N €Zog) ¢3(c)=1. (38)
Then,
b2 Py (PN (go)

N) = 39
Jole v N) = dog e o om (@ 49
1 ¢l @oy (o)
(c;v,N) = — (40)
fitey g™V pr Ok (qo)
on gk (o)
N gV N LN 41
Pl N = =40 oo © @D
satisfy g Py (20)—(22) with a, = 1.
We note that the case of N = 0 agrees with proposition 3.1.
Theorem 3.3 is a direct consequence of the following proposition:
Proposition 3.4. ¢y, (c) satisfies the following bilinear difference equations:
aic? g™ or (@O)dy,1 () + PR (Oph,1(qc) = g N PN @)y (o) (42)
ayq> Py (qoIgNi (©) — o (@i (@) = (aiq™ — ¢* by, @Oy (0) (43)
PN (@OPN(©) — g™ o (Odr(ge) = ¢ (agq™ — g™N) Py (N (go) (44)
oN (qo)py () — N OBy (qe) = —dy_ 1 (qOIyt (©) (45)
1
oN (qIdy(©) — oy (b (ge) = qum‘l(qc)«byv_l(c) (46)
N PR(OPh1 () — N (N (©) = —aicr P VN, (g O (go) (47)
o (@R (©) + P (agg™ — a* My, ©dN () = g N op (g™ PN (o) (48)
ayq> dp (PN (©) + diiidn_1(0) = azq® i (@ OBy (qo). (49)

Proof of theorem 3.3. We show that f;(c) (i =0, 1, 2) defined by equations (39)—(41) satisfy
equation (20). Substituting equations (39)—(41) into the numerator of the right-hand side of
equation (20), we have

L+a™ () +a0g” ™ £2(0) fol©) —1+q_Nfz(C)<1+a2 22 M)

¢N+1(CIC)¢N(C)
g fo(e) B @I +a§q2”iz¢x+l<c>¢x<qc>
¢N+1(qc)¢1v(c)
_ v O @y o) v @odntl(go)
=1 N 2N Y N+1 N —-1— 2N ¥ N N+1
ta RO o) T qOdh, (@)
_ $n@ONa @0 — Moy (q0)dy (go)
oy (qo)dR.1(qo)

- _ a(%CZqZ(u—N) ¢XI+1 (C)¢11<l (qzc)
Pn ()P, (ge)
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where we used bilinear equations (42) and (47). The denominator is calculated by using
equations (43) and (48) as
a NN Oy (a70)
Pr1(@ODY ' (gc)
Then, the right-hand side of equation (20) reduces to
+q 7N fa(e) + aog" ™" fa(c) folc)
1 +aoq” fo(c) +g™*! fo(e) fi(c)
v L #Ra@ody ()
aog" N @ (b (ge)
xadc2q?v=N PRa1 (PN (g7c) peuy D1 (qc)¢z”v_1 (q¢)
’ Ox(@0D3.1(q0) " B} (N (g%)
Ph1 (@)D} (g7C)
= agelq? SN TN — g (go.
Dn+i (g C)¢N (go)
Thus we have shown that equation (20) follows. Equation (21) is checked by using the bilinear
equations (43), (47), (45) and (49). Equation (22) follows automatically. O

Remark. It should be noted that both 1 +a; f; and 1 + f; /a; (i = 0, 1, 2) admit a multiplicative
formula with respect to ¢. In fact, we have

O @y (o)

1+aog" fole) + " fole) file) =

(50)

1
g fio)

1 v iV, N) = 51
+aoq” folc; v, N) =¢q or . (OPE ) (51
B 2 2(w=-1) _ 2N ¢v—l(qc)¢v (C)
1+ v+N ( S, N) — aoq q N+1 N (52)
ayq fl cv ang(u_l) ¢)K]+1(C)¢X]71(qc)
_ P 1(qO)Py, (0)
L4 N Cp,N) = — 2Nl N+1 53
d R N = e o) oY
and
L, Joev M) ey @O (©) 54)
apq” O (go)dy(c)
fi(e; v, N) —2N 2, 2N 2 2(w—1) ¢1vv1%(c)¢1l(r(‘lc)
1" 7 — LA IS\ A e 55
Fage T e e o) o
falc;v, N) 1 BNagogy (o)
1 = 56
* axq=V ageq® b ¢ (goygh (o) 0

which can be verified directly by using equations (39)—(41) and the bilinear equations (42)—
(46).

3.2.2. Proof of proposition 3.4. Our basic idea for proving proposition 3.4 is as follows.
Bilinear difference equations are derived from the Pliicker relations, which are quadratic
identities among determinants whose columns are shifted. Therefore, we first construct such
‘difference formulae’ that relate ‘shifted determinants’ and ¢y, (c), by using the contiguity
relations of G,(c). We then derive bilinear difference equations with the aid of difference
formulae from proper Pliicker relations. We take equation (42) as an example to show this
procedure explicitly. (For other equations, see the appendix.)
Let us introduce notations,
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G,(g"c) =G} oy (g™ c) = o™ (57)
GT GTH Gzl+N71
G" G G"
v—1 v v—N-=-2
N= , =10", 1",...,N—-1"| (58)
GT—NH GT—N+2 GT
where k" denotes a column vector,
Ln+k
m
v+k—1
E" = (59)
GT+k7N+1

Here the height of the column is N, but we use the same symbol for determinants with different

size, since there is no possibility of confusion.
We next construct a difference formula.

Lemma 3.5 (Difference formula I).

|0m+1/’ Om’ lm7 ... N— 3m’ N — 2m| — (aocqmﬂ)fl)fz(Nfl) ¢1\</.m+l
|1m+l/ [ N—-3" N — 2m| _ (aocqm+v—l)—2(N—l) ¢v,m+l
’ ’ LI ] ’ - N

where k™ is a column vector,

m
v+k

2 m
q G v+k—1
km/ —

2(N-1)
q GT+I<7N+1

Proof of lemma 3.5. We use the contiguity relation (32), which is rewritten as

m+l __ ~m+l 2 2(v+m) 2 ~m
Gv+l - Gv +ao‘1 ¢ Gv .

in the present notation. Then we have

m+1 m+1 m+1
Gu Gv+l T GV+N—1
m+l m+1 m+1
¢u,m+1 - Gu—l Gv e Gv—N—2
N =
Gm+1 Gm+1 Gm+1
v—N+1 v—N+2 v
m+1 m+1 m+1
Gu Gu+1 - Gv
m+1 m+1 m+1
Gvfl Gv - Gvfl
m+1 m+1 m+1
Gv—N+1 Gv—N+2 - Gv—N+l
m+1 2.2 2(v+m) (ym
G} agc q G’
m+1 2.2 2w—1+m)m
GYoh apcq G
m+1 2.2 2(wv—N+1+m) .ym+1
Glna 43¢ q Gl N
m+1
Gv
2Gm+1
_ (aocqv+m—])2(N—l) "S-

2(N—-1 .
q ( )G’:LNH

m+1 m+1
Gv+N71 - Gv+N72
m+1 m+1
GV+N72 - Gv+N73
Gm+1 _ Gm+1
v v—1
2 2(+N—2+m) .2 ;vm
44 " Glina
2 _2(w+N-3+m) .2 ;[xm
o4 c"Glin_3

Gy
Gy

m
v—N+1

2 _2(w—1+m) 2 ~m
asq c-GY,
m
Gv+N—2

m
Gv+N—3

m
v—1

— (aocqu+m—l)2(N—l) |0m+1/, Om’ 11717'”’ N_3m’ N_2m|

(60)
(61)

(62)

(63)
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which is equation (60). In the second line of the above calculation, adding the second column
to the first column, we obtain

m+l m+l m+1 m+l m+1
Gv+] Gv+l - Gv e Gv+N71 - Gv+N72
m+1 m+1 m+1 m+1 m+l1
v,m+1 Gv Gu - Gu—l e GV—N—2 - Gv+N—3
o = : . : (64)
Gm+1 Gm+1 _ Gm+1 Gm+1 _ Gm+1
vV—=N+2 V—=N+2 v—=N+1 v v—1
from which we obtain equation (61) by using equation (63). ]

We then consider the Pliicker relation,

0=|g, 1"V, 1" .. N-1"[x 0", 1",....N 1", N"|
— o, 0", 1", N —1"| x 1™V, 1", .. N —1", N"|

1m0 1 L N =17 x e, 17, ..., N =17, N™| (65)
where
1
0
o= . (66)
0

By expansion with respect to the column ¢, the Pliicker relation (65) is rewritten as
0=¢g*[0"", 0", ....N—2", N—1"|x |[0", 1",...,N —1"|
—|=1" 0" . .. N-2", N-1"|x 1"V 1" . N-1"|
+H1m 01, L N =17 x 07, N =2", N —1"|

where we have used

m+l m m
1 zGu+l . Gu+1 Gv+N—1
m+ m m
’(p 1m+l/ 1" N 1m| . 0 q Gv Gv Gv+N72
1s ) PN - - . . .
2N ~m+1 m m
0 q GU7N+1 Gv7N+2 e Gvfl
2 ~m+l m m
q Gv Gv e Gv+N—2
2N ~m+1 m m
977G N Gy o G

— q2|0m+1/, 0",.... N—-2" N — lml.
Then, we obtain by using lemma 3.5,

2 —1\—2(N—-1 ,m+l s -1, —2N 1,m+1
qu x (aocqv+m ) ( )¢11</m+ X¢]‘</T1 _(p[\([ moy (aocqv+m) ¢1\<]-:1m+

+(aocqv+m71)72N ¢11<[,:n1+1 x ¢1]</m (67)

which is the same as equation (42). This completes the proof of the bilinear equation (42).

3.2.3. Determinant formula for negative N. Proposition 3.3 is a determinant formula for
the solutions with N € Z3,, which are obtained by successive application of 7, on the seed
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solution described in proposition 3.1. In order to obtain solutions for N € Z_j, we have to
apply Tz_' on the seed solution; however, we find that this procedure collapses. Therefore,
we construct ‘seed and higher solutions’ for negative N so that bilinear equations described in
proposition 3.4 hold for all N € Z . To find the seed solutions for N = —1, we put N = —1,
¢’ () = G,(c) and ¢ (c) = 1in equations (42)—(49); we obtain a set of contiguity relations
to be satisfied by G, (c),

azc*q* G, (qe) + G, (c) = ¢*Gy_i(c) (68)
G (qc) = Goui(c) + G (go). (69)

Similarly to the case of N > 0, the following three-term relations in the direction of ¢ or v are
derived from equations (68) and (69):

Gu(c) = (% - cz) G, (qe) +ajq* *G,(q%c) (70)
2

— 1 — —
G = 5(1+6)Gun(© = (1 = a3 ) Gona(©). (1)

Then we obtain a determinant formula for N < 0 as follows.

Theorem 3.6. Let G, (c) be a function satisfying equations (68) and (69). For each —M =
N € Z ., we define an M x M Toeplitz determinant

¢y (c) = det (Evfiﬂ' (c))i,j:l ..... M

Then, ¢y, (c) satisfies the bilinear equations (42)—(49), and therefore equations (39)—(41) satisfy
qPry (20)—(22) with ay = 1.

(—M = N € Z_p). (72)

Since this theorem is proved by a similar procedure to theorem 3.3, we omit the details.

Remark. If we parametrize as ay = g*,
Gy(c;q) = 247G o (c; 1/q) (73)

satisfies equations (68) and (69) formally.

3.3. q-Okamoto polynomials

In the previous sections we have discussed the particular solutions on the reflection hyperplane
of the affine Weyl group W = W(A;l)) in the parameter space. It is easy to see that gPry (1)
with normalization condition (19) admits a particular solution given by

1 2/3 -1/3

(74)

(fo, fi, fiag,ar,a0) = (xp~ ' xp~ L xp™ s p7 L pT pTh x=c p=gq

Note that this parameter corresponds to the fixed point of &, namely the Dynkin diagram
automorphism of the affine Weyl group W(Ag)). By applying the Bicklund transformations
on this seed solution, we obtain a series of rational solutions on the barycentres of the Weyl
chamber of the affine Weyl group W(A;l)).

Theorem 3.7. For the parameters

TlmTzn(QOa ai, az) — (p—Sm—l, p3m—3n—l, p3n—l) m,n e 7 (75)
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we have the following rational solutions of the q Py equation (1):

m—2n—1 Om+in (xp_z) Omat.ne1(X)

Om+in (X)Qm+1,n+l(xp72)
1 Qs 1 (Xp~%) O n (%)

OQm1.n+1(X) Qi (Xp~2)
neam—1 Qmnxp™?) Qi1 n(X)

0 () Ot Gp2)

Here Q,, ,(x) are monic polynomials defined through the recurrence relations,
Q1.0 () Qi1 (AP ™2) = Qo (00) Qo1 (0P ™2) + 3P ™22 Q11 (6) Qo (X ™2)
Q1.0 (X) Qo P 2) = Q11 () Qo 0ep ™) +xp™ 72172 0 () Qi it (6p %)
Q1,1 (V) Qo1 (X ™) = Qo (00) Q1w (P ™) +xp™ "2 041 1 (X) Qo (xp ™)
with initial conditions Qo0(x) = Q10(x) = 011(x) = 1.

T{"T;' (fo) = xp

T"T," (f1) = xp™™"~ (76)

T'"Ty (f2) = xp

We call the polynomials Q,, , (x) the g-Okamoto polynomials. Some examples are as follows.
020(x) = x*+(p*+ Dx +1
Q30(x) =x°+ (P + p*+ p*+ 24 p7?)
= pt+2pt +3pt 43P + 3+ p 2+ pH
w3 (P 2p8 +3pS+dpt 4P’ +342p 2 4 p7H)
+)52(2p8 + 2p6 + ?ap4 + 3p2 +3+ p_2 + p_4)
+x(PP+pt+p? 424 pH+1
Q21(x) =x+1
031(x) =x* + P+ p* + 1+ p H+X2Q2p* + p?+2+p7?)
x(pt+pP+1+p )+ 1.
Similarly to the continuous case, g-Okamoto polynomials admit a determinant formula of
Jacobi-Trudi type. The proof of the theorem 3.7 as well as the Jacobi-Trudi type formulae

will be given in our next paper [9], where we shall discuss the T functions in a more general
setting.

4. Discussion

4.1. W(A(zl)) X W(Ail)) symmetry and comparison with Sakai’s Mul.6 system

Along with the transformations s; and 7 of W(A;l)), we define the transformations wg, w
and r acting on C(¢;, f; (i =0, 1,2)) as follows:

wo(fo) = apai (azap + az fo + f2 fo) w1 (fo) = 1+ ag fo + aoay fo f1

falaoar +ao fi + fof1) aoay f1(1 + az f2 + azxao f2 fo)
wo(f1) = ajax(apay + ao f1 + fof1) wi(f) = 1 +a fi+aiaa f1f2

folaraz +ay fo + f112) araz f2(1 + aop fo + aoai fo f1) 77
wo(fo) = mag(araz +ay fr + f1/2) wi(fy) = 1 +ay fo +axap f2 fo

filazao + az fo + f2 fo) @mag fo(l + a1 fi + araz f1 /2)

1
r(f) = 7 wo(a;) = wia;) =r(a;) = a (i=0,1,2).

l
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Lemma 4.1. The transformations wo, w and r generate the extended affine Weyl group
W(Ail)); namely, we have

wi=wl=r*=1 rwy = wir. (78)
Moreover, this action of W(Ail)) = (wo, wi, r) commutes with that of W(A(zl)) =

(S0, S1, $2, 7).

Note that the discrete time evolution of the gP;y system is a translation of the W(A(ll)),
that is,

t =Ty = rwy. (79)
Lemma 4.2. The representation of W(Agl) ) X W(AEI) ) is equivalent to Sakai’s system Mul.6.
Proof. Let x, y, z and do, ai, az, by, by = Gpa daz/b; be Sakai’s homogeneous variables and
the parameters [17]. Then his representation of W(A;l)) X W(A(ll) ) is given as follows:
T =0c* K =rrs1712 S0 =n2s1n r=o> wy = rwr (80)

where o, s; and w; are given by*

o (dp) = a o(a) =a o(a) =dgp o (bo) = by o(b)) =bo
o(x) = axy(z — x) o(y) =—biyz(x+y—2) 0(2) = ax(x — 2)°
s1(do) = dod si@@) =ay "' 51(@2) = ardy sitb) =b; (i=0,1)
- - (81)
s1(x) = x si(y) =ary s1(2) = a1z
wi (@) = a; (i=0,1,2) wi(bo) = bobi wy (by) = by
w(x) = x(y +dzx) wi(y) = —b1y(y +axx) wi(z) = z(@x — bry).
Introduce variables f, (i=0,1,2)as
- - — - b
fi==2 hmat—= = (82)
Z y arx(x — z)
Then we have
=2 (=2 (=2
YT TR TR
- - ar(l+ f - f - G f
w(fn=p2ED iyl (=Sl
a + fi aj 1+ fi 83)
Y SR (.2 (¥ IR L (.2 [F
A+ fo+ fafo) LU+ fo+ foft)
. 1+ fa+ ffo
w (f) = = = = =_-
e fol+ fi+ fif2)
This representation is equivalent to our representation by the relation f; = a; f;, @ =
aiz. ]

4 The generators o, 51, wi here correspond to 0123450y, w1 and w’1 in [17]. An error in the formula for o(123450) [17]
is corrected.
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4.2. Ultra-discretization of q Py

In section 2.3, we mentioned that gPry admit a continuous limit to the symmetric form of Pyy.
There is another interesting limit, which is known as the ‘ultra-discrete limit’ [18]. We put

fi =eli/e a; = eli/® i=0,1,2
and take the limit ¢ — +0. By using the formula

lim ¢log (ef ter +) =max(A, B, ...) (84)

e—>+0

qPrv (1) yields

Fo=1t(F) =Ag+ A+ F +max (0, Ay + F», Ao+ Ar+ Fo+ F»)
—max (0, Ag+ Fy, A1+ Ag+ F1 + Fp)
F = t(F)) =A1+Ary+ F, +max (0, Ao+ Fy, A1+ Ag+ Fy + Fp)
—max(0, A+ F|, As+ A+ B>+ F)) (85)
Fr=1t(F)=A+ Ao+ Fo+max (0, A; + Fi, Ao+ A1+ F, + F))
—max (0, Ay + F», Ao+ A+ Fo+ F»)
A =1(A) = A
which we call the fourth ultra-discrete Painlevé equation(uPpy). Simultaneously, Backlund
transformation (6) is ultra-discretized as
5i(Fj) = Fj +u;j (max(4;, F;) —max(0, A; + F}))

: (86)
si(Aj) = Aj —ai;jA; 7(X) =X (=0,1,2) X=FA

where A = (a;;)i j=0,1,2 and U = (u;;); j=0,1,2 are given by equation (7). Then we can verify
the following:

Proposition 4.3. The transformations sy, s1, s, and 7w of the A-variables and the F-variables,
defined by equation (86), generate the extended affine Weyl group W = (s0, 51, 82, ) of type
Agl) . Furthermore, they commute with the time evolution t of the fourth ultra-discrete Painlevé
equation uPyy.

Appendix. Difference formulae and Pliicker relations

In this appendix, we provide data which are necessary for the proof of proposition 3.4.
We first note that it is possible to express ¢ in section 3.2 as a Casorati determinant

with respect to m as follows.

Lemma A.1. ¢y" is rewritten as

G;n GT—I I GT—II\HI
Grar e G
¢x],m — . (A1)
GzﬁN—l Gm+N—l . G;nj%:ll
GT Gl:’H—l . GT+N71
N— a2q?=v N=k| Ggm-t G™ S GMEN2
vm __
oy = 1_[ (a 2q2n—k) l) . . (A.2)

m—N+1 m—N+2 m
Gv Gv e G
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Proof of lemma A.1. We use the contiguity relation (33), which is rewritten with the notation
introduced in equation (57) as
1
Gl]’)n+ — Gm

" =g G (A.3)
For k = 2 to N, subtracting the (j — 1)th column multiplied by ¢*” ¢? from the jth column of

equation (58) for j = N, ..., k, we obtain

m m 2m 2 ~m m 2m 2 ym
Gv Gv+1 _;’] 2C Gv Gv+N71 - 6]2 CZGu+N72
m m m m m m m
v.m Gvfl GV —qc Gvfl Gv7N72 —qc Gv+N73
N .

m m 2m .2 m m 2m .2 m
Glna Gy —aq7"c Gy, Gy —q™c G,

m m+1 m+1
Gv Gv | Gv+1\1/—2
m m+ m+
Gvfl Gvfl Gv+N73
m m+1 m+1
Gv—N+l Gv—N+1 Gv—l
qu G:H—l GZ/HN—]
m m+1 m+N—1
Gu—l Gv—l Gu—l
= (A4)
m m+1 m+N—1
GU—N+1 Gv—N+l Gv—N+1

which yields equation (A.1) by taking the transposition. In order to derive equation (A.2), we
use the contiguity relation,

v ageh

a8q2(v71) -1 aqu(vfl) -1

m—1
v

m
v—1

(A.5)

which is obtained from equations (32) and (33). For k = 2 to N, subtracting the (i — 1)th row
multiplied by ﬁ from the ith row of equation (A.4) fori = N, ...k, we obtain
110 -

m m+1 m+N—1
G\) GU GU
oN" = ' :1 ‘N-1
N m m+ m+N—
GV—N+2 Gv—N+2 Gv—N+2 ]
m+N —
G™ _ Gy Gm+1 _ Gcnf/lwz Gm+N71 _ Gy
v—N+1 uéqz("""*”—l v—N+1 aéqz(”""*”—l v—N+1 aéqz(”""*”—l
m m+1 m+N—1
GU Gl) GV
2 2(v—N+1 .
__ayq” : : : :
T 42,200=N+1) _ m m+1 m+N—1
o9 1 Gv—1\11+2 GllNe Gv—N+22
m— m m+N—
Gv—N+2 Gv—N+2 Gv—N+2
m m+1 m+N—1
le Gy G’ v
GWI— Gﬂ‘l Gm+ -
N-1 2 2(v—i v v v
i .
- 2 2(v—i) _ . .
i=1 %4 1 G G+l G-l
v—N+2 v—N+2 v—N+2
m—1 m m+N—-2
GU—N+2 GU—N+2 Gu—N+2
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Gm Gm+l . Gm+N—l
v v v

m—1 m m+N—2

[ oo e

- 2 2(v—i) _ : : . :
i=1 \%4d 1 GT??T GT7N1\+,3 s Gt

N+ _
e
which is equation (A.2). O

In view of this lemma, we introduce the following notations.

GT GTH GT+N71
G™ G" e GM
o= TR e e ) %9
Glna Glne Gy
G]r)nl G:,n_} e G:}n—ll\]‘i'l
G+ ij . ij
¢x],m — ” V ! . v -N+l = |Qm, —_lm, =N+ 1m| (A7)
Gt Gl L g
GT G,JH.] L G:)n+N—l
L
= . .| =100, L N =2, N1 (AS8)
GT;NH GT;NJr2 ... G"j’

where k™, k™ and k, are column vectors given by

Gl Gl Gyt
Gm Gm+ Gm+ -
v+k—1 +k -
K" = . = k=] . (A.9)
m;N—l +k.7N+1
G1rjn+k—N+1 Gu+k G,\ZI
respectively. We also use auxiliary column vectors,
2GT+k §T+k 1
m — m+
L — q°Gli et q "Gk
2AN-1) “2(N—1) (ym+N~—1
A q Gk ALL0
Gm+k ( : )
v
2 m+k—1
- q-G}™

qZ(Nfl) G'Cn+k7N+1

Now we give difference formulae.
Difference formula 1

|0m+1/’ Om’ lm,”" N_3m’ N_2m| — (aocqm+v—1)—2(N—l) ¢[vv,m+l

A.ll
|1m+1/’ Om, lm,..., N—3m, N—2m| — (aocqm+v—l)—2(N—l) ¢}}V’m+l' ( )
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Table A.1. Data for the proof of difference formulae.

Difference formula Contiguity relation Determinant

Difference formula I (A.11) Gf)”_:'ll = G’J’” + ang("*m)c2 G Equation (A.6)
Difference formula II (A.12) G{f’“ =Gy, - q2m 2 Gv Equation (A.6)
Difference formula IIl (A.13) ~ G7' - G| = aéczqz(”er’z)G;":ll Equation (A.7)
Difference formula IV (A.14) G':’jll -G, = 2g¥" (1 — agg®)G™ Equation (A.8)

Difference formula V (A.15) G — agg® Gl ,=01- aoqz")Gf,’“rl Equation (A.8)

v+l

Difference formula Il
|0m, 0m+1’ 1m+l, o N — 3m+l’ N — 2m+1| — ¢v,m
|1m 0m+l 1m+1 N — 3m+l N — 2m+l| _ C2Nq2m ¢U,m (Alz)
9 9 9 9 - N .
Difference formula Il1
=1t 2t N+ N+ 1'"T| = (ageqg"™ ) HN=D g (A.13)
|__1mfl’ __mel’ e, =N+ lmfl’ -N +2mT| — (aocqu+m—l)—2(N_1) ¢K/m .
Difference formula IV
- -
|0v+1’ 0,,....N—2,|= (cqm—l)—Z(N—l)(aSqZU _ 1)—(N—1) w]\;']ﬂ,m Al4
7 Ny _ . om—1 N—2(N=1)/ .2 2v —(N=1) ,, v+l,m (A.14)
1,,,0,,....,.N=2,]=(¢@" "¢ (agq™" — 1) Yy
Difference formula V
Ny n ~N _ 2 2vy—(N—1 1,
100s1, Ouy oo, N =20 = (1 —agg™) ™Dy AL5)

v, Op s N =20 = (1= a3q™) N Dagg™ yy™.

Difference formula I has been proved in lemma 3.5. Other formulae are proved in a similar
manner. Table A.1 shows the contiguity relation and determinant to be used for the derivation
of each difference formula.

Next we give the list of Pliicker relations which are necessary for the proof of
proposition 3.4.

Pliicker relation 1

0=|g, 1™V, 1", ..., N—-1"|x |0", 1",...,N —1", N"|

g1, 07, 1" L N =17 x [V 17, N — 1", N"|

+H1" 0, 1 L N =17 x e, 17, .. N =17, N (A.16)
Pliicker relation I1
0=lg, 1™, 1", ..., N—1"|x 0", 1",...,N —1", N"

—|g2, 07, 1" L N =17 x 1Y 1", N =17, N

10 1 L N =17 x g, 1., N =17, N™|. (A.17)
Pliicker relation 111
0=|ps, 1", 1™ . N —1""| x |0, 1 L N — 1 N

—|g2, 0" 1L N — 1

x[17, 1 N =1 N

ot N =1

x|@a, 1" N — 1 N (A.18)
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Table A.2. Data for the proof of bilinear equations.

Bilinear equation Pliicker relation Difference formula

Equation (42) Pliicker relation I (A.16) Difference formula I (A.11)

Equations (43) and (44)  Pliicker relation II (A.17) Difference formula I (A.11)
Pliicker relation III (A.18) Difference formula II (A.12)

Equation (45) Pliicker relation IV (A.19) Difference formula II (A.12)
Equation (46) Pliicker relation V (A.20) Difference formula I (A.11)
Equation (47) Pliicker relation VI(A.21) Difference formula III (A.13)
Equation (48) Pliicker relation VII (A.22)  Difference formula IV (A.14)
Equation (49) Pliicker relation VIII(A.23)  Difference formula V (A.15)

Pliicker relation IV
0= |(,02, o1, 1m+1’ e N — 1m+1| % ’lm’ 1m+1’ o N — 1m+1’ Nm+1

—|(,02, lm’ 1m+1’.”’N_1m+1| x |(pl’ 1m+1’”.’N_1m+1’ Nm+1|

+|(pl’ lm’ 1m+1’“.’N_1m+1’
X|(p2 1m+1 N_1m+1 Nm+1|.

Pliicker relation V

0=lp @1, 0",....N=2"| x [0"", 0", ...,N—-2" N—1"
—’<P2, 0m+1/7 Om’ ,N—Zm‘ >

Pliicker relation VI

0=10"", —1"' ., —N+1""" —N"!|
x|=1"71 L =N +1" N1 ol
-0, -1 =N+ _N+1mT|
x|=1"7 L =N +1" N g
+0" L 1 N +1" g
XI—_lm_l,...,—N+1”‘—1, N —N+1'”T|_

Pliicker relation VII
—

0=l 1y, ..., N =1, x [0,, 1,,....,N —1,, N,|

7 —_

g1, 0,, 1,,....N—1,| x [1,, 1,,...,N —1,, N,|

/

+ | 1u+1 ’
Pliicker relation VIII

0=lgs, o1, 1,,...., N =1, x [0,41, 1,,..., N —1,, N,|
—1¢2, Oy, 1, ..., N—1,| x |1, 1,,..., N — 1,
+@r, 01, Ly oo, N =1, X |2, 1,,..., N —1,,
Here, ¢; (i = 1, 2) are any column vectors which we specialize as
1 0

0 1

0, 0", ..., N=-2" N
+Her, 070", N =27 x |¢2, 0", ..., N=2" N

0,, iv,...,N—1V|x|<p1, 1,,....,N—1,, N,

(A.19)

— lm‘
— 1", (A20)

(A21)

(A.22)

(A.23)

(A.24)
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in the proof of bilinear equations.

In section 3.2.2, we showed how equation (42) can be derived from the Pliicker relation I

and difference formula I. The other bilinear equations in proposition 3.4 are obtained similarly
by using the data described in table A.2.
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